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ON THE SYMMETRICAL POTENTIAL FLOW OF COMPRESS IBLE
PLUID PAST A CIRCULAR CYLINDER IN THE TUNNEL
IN THE SUBCRITICAL ZONE*

.. By Ernst Lamla .

The two-dimensional symmetrical potential flow of
compressible fluid past a ecircular cylinder placed in the
center line of a straight tunnel is analyzed in second
approximation according to the Jansen-Rayleigh method.
The departure of the profile from the exact circular
shape can be kept to the same magnitude as for the incom-
pressible flow. The velocities in the narrowest section
of the tunnel wall and at the profile edge are discussed
in detail,

In the treatment of the two-dimensional potential
flow of an incompressible fluid past a cireular ecylinder
placed in a tunnel with straight walls, the reflection
metnod is resorted to; the doublet whicih may be envisaged
in the center is reflected at the tunnel walls and the
effects of all the image points added. The then obtained
solution is exact; the profile washed by the air stream
is, to be sure, no longer an exact circle, dbut the differ-
ence is ordinarily quite small. This solution for the
incompressivble flow is designated as the first approxima-
tion; the flow of fluid past a circular cylinder in the
tunnel with allowance for the compressibility effect,
discussed in the present article, forms the second approx-
imation. The study is based on a method originally pro-
posed by O. Janzen (reference 1) and soon afterward quoted
by Lord Rayleigh (reference 2)%*,

*"Die symmetrische Fotentialstromung eines Kompressibeln
Gases um einen Kreiszylinder im Xanal im unterkritischen
Gebiet.'" ZIuftfahrtforschung, vol. 17, no. 10, October 26, -
1940, pp. 329-331.

**Potential ¢ and stream funetion Y for the circular
cylinder (and the sphere) in the free gas space have been
computed up to the fourth approximation by this method
for the first time by the present writer.
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The considerations prboeesd from the stream function
V with p demoting density, p pressure w speed, a
corresponding velocity of sound, and ag the velocity of
sound in the medium at rest. In absence of mass forces
Eulerts equations for statiomary, parallel flow afford

L w +f dp - conﬁt (1)
2 YR

—

With the introduction of the stream function VY the
equation of continuity div(pw) = 0 1is satisfied by the
formula o . _

-
_xz Up-.f-égl-
p oy
. 4 ' (2)
Ey = -U-E-o';a.i_
p ox , .
-/ e

«

where U is the flow velocity p,, the density at infin-
ity (undisturbed flow). The center line of the tunnel is
the X-axis. By reason of the nonvorticity of the entire
motion rotzW = 0 which, after posting (2), gives

Ay = grad . v ~Ag:ramcl log p : (3)

since ordinarily - dp = ££dp it follows from (1) that

L grad ¥ + & grad log p = 0

D

whence, according to (3),

A+ 2—;— grad ¥ gradV =0 ~-..'; (4)

If the régafded processes are adiabatic we géﬁ

(5)
f_?_
=

with K =
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Hext we assume with Janzen and Rayleigh that gquantity
Y can be expanded in a _series, which progresses in powers
of ratio ¢« from flow velocity U to sonic velocity ag .
(In this instance ég* U/ay is substantially in agreement
with the Mach number for undisturbed flow ¥ = U/a o)
The structure of aquations (4) and (5) is such that only
even powers of & oceur. Hence we put

a = Ulag
—_—
N o .
Y= ) Ypat ()
n=0 '
o
w?/U% = K = EE Eqa®?
n=0 . B

where Wn and K, are no longer dependent upon U and a

Replacement of a® in (4) by (5) followed by posting
(8), the expansion in-powers of «a on both sides in com-
parison of the coefficients of equal powers on both sides
affords :

-~

Dy = 0

}; (-gradly grad Ep.p + (61)Ep_pn JA\UsY) (7)

m=0

]

Mty

-

from which the V_ can be deduced consecutively. The pre-
diction of Ky fTom VYpn by means of (2) and (5) and the
adiabatic equation follows-e*

p - K,...l!]l ()
Po ‘. -2 &g’ i

Because of the appearance of density p the solution
of the velocities from ¥ is a little more .complicated
than that from . But the use of V. merits, because of
the direct relationship with the profile form, preference
in many instances. PFor the second approximation, that is,
the prediction of - VY, only quantity Ko is employed,
for which (2), (8), and (7) afford

ol
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Ay, =

(--—> [ A
L[ 2V, 3K, . av, 9K, |
AW = - 5[23;{a:x HMEEAEY

Ko

The solutions VY, and VY; of (9) should be such
that ¥ = y at infinity, according to (2), that at finity
the straight lines y = il/ZII are streamlines (H = tunnel
width), and lastly that streamline V¥ = 0 is a circle or
nearly so. As solution VY, the one afforded by the con-
ventional reflection method is taken: namely,

2ny
2 A

: R sin

Vo = 5y - = 2 (10)

2Ux 2ny
Cosh i cos T

Formula (10) satisfies equation. &V, = 0 and com-

' plies exactly with the first two of the just quoted bound-

ary conditions. The contour W =0 1is, 0f course, not an
exact cylinder, but the departure is slight as seen from’
the appended table, wherein r,, r,;, and ry,, designate

the values of radius vector r with respect to the points
of the profile border incidental to & = 0°, 459, and 90°,

H/2 R ro/R Tys/To Too/To

3 0.9592| 0.99868 | 0.99725

5 .9842| .99979| .99960
10 .9959| .99999| .99997
20 .9990 | 1.00000 | 1.00000

The last two columns of the table reveal that the
departure of the profile from circular form is practical-
ly insignificant. (The departure of r45/r°, and rso/ro
from 1 is proportional to (R/H)?) Bven 'in the extreme case
of the profile spanning one~-third of the tunnel width
the thickness of the profile is only 0.27 percent less
than the width. "It is to be noted that R is not the
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radius of the circle as the second column indicates.

The solution of the second approximation reads
Vo= g, + Vy a®, and the prediction of 4V, 1ig predicated
-on the formulation of Ko according to (9) and (10).

- -J'coshz-—'%-! cos EJEII- 1

4 R
Kg= 1 = i
) . 2
Goah °TUX _ . eny
(Oosh = cos H) .
4 _4
+ 4 R4n ‘ 1 (11)

. ' 2
H (Cosh 20X _ cos gﬂé>
H H
Abbreviating these equations by means of
2= _ . 3my _ .. STR _ 12
H - u| H vl H q ( )

the last eguation (9) assumes the form

: B
2%V, | 3%,
a ue a va . -
; v
- . + 2 2 6
= 2 gin v Lg 00shéu + 2 29 ginh v, 4 Cosf u ] > (13)
2T .2 N 2 XN 8 N
with N = Cosh u - cos v
’ -t

Then the solution of (13) is, expressed, in analogy
with (10) in the form

_ _ E - (v) sin v , 4
vy = 2 ' NP (14)
p=

where N has the value given in (13); the gp.(u) are

functions of u only, and P is a .suitably chosen whole
number. The advantage of this formula is as follows: It
at once satisfies the boundary conditions at the tunnel
wall, v =#m for y = *1/2 H according to (12); hence
Y, =0 and ¥ =V, = +£1/2 H. It is seen that formula (12)

Al
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is in fact practical and that V¥ = Vo= y for large =x.
- Bntering (14) in (13), H/2 w and, sin v afford abbrevi-
a;ions, go that :

p:

= 3. Y ) | A '
Z—‘ [(P - 1) .gp - gnif+§.p_§p?511%h u - 2p(p - 1) gEGOBh \1 ]

NP , B ' b
2, 4 2 - 6
= 2 Gos: E.+ q 2q Sénh u + q COSE u (15)
2N 23X , 8 N

(the derivations with respect to u Dbeing indicated by
dashes) . '

Since v appears then solely in the function N =

Cosh u - cos v, a comparison of the coefficients of equal
powers of N on both sides of (15) gives the consecutive
differential equations for the functions Eps and at the
same time proves the possibility of formula (14). The
denominator N' occurs only once in (15)(that is, on the
left side for p = 1); the correlated numerator must
disappear:

81“ =0

As the consideration involves the flow past a profile

symmetrical with both the X and Y axis, ¥V and hence all

€p

or

in x and glgo in v must be even functions. Thereforef
g, = const = Co - - (16a)
The correlated terms of N°Z give
g, - 8," + 2 g, Sinh u = L g%Cosh u

2
g n . £ - - 1 2 o]
2 s = = q osh u

2
= A i .2
€2 = 01 Cosh u = I Sinh u (16D)
Correspondingly the further functions €p Tfollow at
€z = C; Cosh 2 u + ¢, + é q% o (16¢)
€= C3 Cosh 3w+ 3D Coshu - (16d)

LV
V]
]

C, Cosh 4 u+ (2 Cz + D) Cosh 2 u + g D (16e)

= ¢ h /5 5 5 |
g, = C_ Cosh 5 u +&‘§ C,+ 7 C3+ 2D )Cosh 3 u

5 .
+<§Gs+

[ L

S

S

D> Cosh u (16f)
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~etce With D abbreviating for

“= L * _.1... & ' ' 16
_ D'i-cg + 01 + & q* 4 T (168)
Quantities c ..08tc. are integration constants.

For all values P 5 4.2
2 - : . '
gp+1“ - P €p+1 =2 pgp' Sinh u - 2 p(p - })gp Cosh u (17)

As already stated WV, becomes zero for large value uj;
for large u - the individual ‘summands of (14) disappear as
e~%, the still avallable integration constants are to be
so defined that VYo = 0 disappears for the points of the
original contour. The exact compliance with this require~
ment affords an infinite series of functions &pi although
it can be restricted to a finite series., For instance,
with the selection of Cz;=- 3/2 D, C, =~ 1/2 C5 - 1/4 D
= 1/2 D, and Cs = 0, 8¢ disappears identically, so that,
according to (17) all subsequent functions g, = 85 = ...
can be put = 0. Formula (14) then terminates with a series
of P =5 terms with altogether three arbitrary constants
Co» C1» Cz, which are so determined that ¥; exactly dis-
appears for the points of the proflle of the first approx-
imation (¥, = 0) related to s = 0°, 45°, and 90°. Then
the profile of the second approximation agrees at least
in eight points with that of the first. Exact agreement
in more points can be attained by increasing P.

In the following P = 3 1is deemed commensurate, the
justification of this step being deferred till 1ater.
All the gy must disappear identically for p = 4, which,
according to (16) merely requires that D = 0 and further
Ca=Ca= seo = 0. Substitution of two new constants

4
Co = co a%; €3 = cyq (18a)

for C, and Cc, affords 7
. u ‘ '
s =~ (cxt %) a¥ - g+ a® (18b)

from D = 0 accofdiﬁg to (16é)f'iith which values formula
(14) gives, if the functions gp are taken from (16):
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—

2 c¢,q° Cosh u = %'qau Sinh u

c
v, == E gin v 0l
2m oy .. . N
(c1 + %}q4 (1 - Cosh 2 u) - ég q® Cosh 2 u
+ . ; 3 : - (19)
N
Text, and ¢’ arétéo'defined that the square

brackets in ?19) exac%ly disappear for the points of the
profile edge (¥, = 0) related to 4 = 0°, and + = 90°,

* For smaller values q series expansions might be uvused to

define wu and v . for these points according to (10) and
then c¢o and c, according to (19), v

Inhe elementary calculation gives.

°© 12 48, 144 4320 ~ °°°
3 1 1 - (20)
2 4 &
= - 2. S R ..
! 16 72 1240 * 5670
—

_ In equations (19) and (20) - Vv, is given., While ¢4
and ¢, have been so defined that V¥, ~ becomes exactly
zero for only four points of the original profile boundary,
actually the thus obtained Y, disappears identically,as
is readily proved, for all points of tiLe original profile
boundary up to the terms with qa* inclusive. The profile
Vo, + V,0% = 0 is therefore to be regarded with the same
accuracy as the circle at the profile WO= 0, which proves
the validity of the choice of P = 3,

Allow1ng the tunnel to become wider and wider, that
is, let q approach O, VY; assumes the value

y = E sine/ 7 LE 1 BN
1 T \ 12 2.2 12 ,4
REETEVCURE 3 (1)
r \4¢ 4 f3/

knowa from the theory of free flow of fluid past a2 circu-
lar cylinder.
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The velocity is defined according to (2). Since
: IﬁlatQSPtPMwEM=-U+'equat4°n°“§69”&nd”(8)s restricted to
" guantities of the order of a°, afford '

.pcn‘.,_;.. ]_-_ - B o
ST 1+ 5 (& ~1) a®+
hence (with‘the same degree of accuracy)
Wy vy [ dU, Ky = 1 awl] o
o= ——— e + [0 4 s e e
s 3% 3y 2 7 3y , (22)
zz = - -a-\l}-—o- - [a\ijo Ko - 1+ awl] aaA "0
3x 3x 2 - ox L

’ . . :
Disregarding, at this instance, the general expres-
sion (22) in favor of the narrowest cross section, that
is, the points x =0 or u = 0, (9) and (19) give

‘;’.ar.> w7 .2, 1 4) L'l
(U =0 e 121 *37%) 3%, >
3. 'é4> qt . q6 ] 2
+ - L - g..... + + “ o
( ¢ 127 120/ @w,r T sew s y

with No =1 - cos v = 2.sing %

|

[

+
o

‘ +
—

(23)

- Two principal cases are considered.,

First, the maximum velocity at the tunnel wall (wK),
where y = 1/2 H, hence v = T, No, = 2; therefore
.--w " N N P
~E _ -3 11 = 19 4 2
U—-l+~4-q +[2-Iq +T§2'q, --.]CX.-... -(24-a)

second, the maximum speed at the.profile edge (wp); for
which (10) gives at # = 90°©

z' = 1 - —1'~ qa ....__,__11.,, q4.--
or R 24 | 5760
:;=2+1q3+—1 a%... +| T4 43 g2, 47 e ]cxg
U 6 180 e ‘ 6 72 s e es
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In the event that the tunnel is wide enough the terms .
‘with q4 can be disregarded relative to those with 42,
and R must then be put equal to the radius of the circle;
likewise one may put o = M the Mach numdber N = U/gn in
undisturbed flow .without introducing great error. .

Because (5) affords

- 2 T Ke ) a '
M = 1 - ""-'"-—_ Q = Q 1 + ———— a .. .
o /- BTt m el ]

and the validity of the entire consideration holds only

to about o = 0.4 since otherwise the maximum speed at
the profile edge already reaches the value of the local
velocity of sound. Hence (24a) and (24b) may be expressed
in the form

w . . N .
K 1 11 a> <211R
-, 21 4+ == o=
T - + ( g U H
2

w

P _ ( 43 z> <Z1TR>
£=2 + + =(1+ 22 ¥ <r=
U (1 ) 12 H

A M =0 furnishes the conditions in an incompressible
fluid. The value @ for the ratio WP/U is supplemented
by a valve depending upon the width of the tunnel. As a
consequence of the compressibility, the value 2 and the
supplementary value is raised in second approximation.
The essential factor now is that the percentage increase
in the additional amount is suostantzally greater than

it

- (25)

the rise of the basie amount 2, which is iﬁ-M instead

of f% %, or more than six times as high.

The "correction of the flow velocity® AU at the tun-
nel wall is given by (26a): ‘

x 3 (o) @ e

The value of AU at the profile is, according to (25):

"wp =—2('U +A13;:[1 + i:'?é' (M +AM)2]

-vpuﬂto be taken from (25).
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Then

('Ati)lb 1 ) 1 2mR\2 : |
- = 2<1+ xFXz (261)

and consequently:

(AU)p
(AU)

= L | (27)
3

This means that no compressibility effect is perceptible
in the ratio of the two AU in the employed approximation.

Translation by J. Vanier,
National Advisory Committee
for Aeronautics.
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